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CHAPTER

EQUILIBRIUM STATISTICS
- FOR ELECTRONS AND
HOLES

though we discussed the energy band structure (the electronic states) of a semi-
nductor in detail in the previous chapters, we did not include in our discussion
whether these states are actually filled with eIectrons (two with opposite spin in
h state are possible) or not.

~In Chapter 4 we have shown, however, that full bands do not contribute to the .
Jectronic current. In a defect-free semiconductor at 7 = 0, all bands up to the
-called conduction band are filled. The last filled band is the valence band. As
 temperature increases, electrons from the valence band will be excited to the
niduction band, and the electrons and holes generated in this way will be able to
nduct a current (not as large as in a metal where valence and conduction bands
erlap). We also can introduce electrons and holés by doping. To compute the
hiuctivity, we need to know which states are occupied and which are empty.
is knowledge is usually acquired by calculating the probability that a state is
cupied and by calculating the density of states. The actual carrier occupation
then proportional to the product of these two quantities, which are treated
varately below,

1 DENSITY OF STATES
msider a crystal with periodic boundary conditions and N atoms along each

f the main coordinate axes, Then, according to Eq. (2.19), the allowed wave
ctors are givcn by

Ki _m ) h3 _
k= v Nb1+ sz +>Nb3 o : ;.1
0< I <NJ2
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Figure 5.1 Allowed values for the k vector in two dimensions.

In a simple cubic crystal, by would be of the form 2%/a times unit vector
(and similarly by and b3), and therefore, the typical form of Kk is

'k=%1-t-h—1xunitvector+...
Na

(5.2)
The components of the allowed k values form the “lattice” shown in Figure 5.1,
where Na = L is the length of the crystal in each direction.

This treatment inyolving the ¢rystal length and the periodic boundary condi:.
tions, may seem somewhat-artifi¢ial. ‘Howevespbecause the end results will not
depend on the quantities (N, L; etc:)-connected to-these artificial conditions, we
need not be'eohernEdabisntrity It is the-gdvastage of periodic boundary condi-

tions that their proper application alwdys gives corrett results for bulk properties.

Of coursé, they ‘@b invalid when:syrfdce: propeities become important.

We. are ‘interested in the mimber of states at the energy E in the interval
[E,E + dE]. To calculate-this number, we first assume the simple case of spher-
ical constant energy-surfaces in k space- The number of allowed k values in the
sphere in Figure 5.1 is then equal fo the number of cubes of side length 2nt/L in
the sphere. The volume Vi of the sphere is

s @132
Vk=?k3=ﬁ[2m (E Ec)]

5.
3 = 3.3

The number of states N(E) in this volume is

N(E) = Vi (35)3 5.4
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éFgr sgystems other than simple cubic, one replaces the cubes of reciprocal volume

(££)° by other unit cells. The outcome is the same. :
Because each state can be occupied with two electrons of opposite spin, the

Elumber N(E), which finally tells us how many electrons can be accommodated,
is twice as large as N(E) :

N(E)=28(E) D)

* As can be seen from the followin-g algebra, the quantity that is most useful is
. the number of states per unit sample volume at energy E in the interval [E.E+
dE] . This quantity is called the density of states g(E), which is given by

1dNE) 1 [2m*\*? ,
Eles ————— L= [ T —
g( ) 3. dE. 242 ( A2 ) . E Ec .. (5.6)
[0 understand the importance of g(E), let us as"s__;ume for the moment that we
ow the probability f(E) that an electron occupies a state with energy E. Then
- we can obtain the density n; of electrons in the conduction band from -
ne=Y f(E) = L_ F(E)g(E)dE - 6.7
Uk e _ o
quation (5.6) can be derived also in a different way: Because the allowed k
ues are separated from each other only by very small distances (L is very
tge), the summation 3, can be replaced by an integration [dk. Because the
number of k values in the volume dk = dk. dk, dk, is equal to dk/(2r/L)3, we
* obtain the nqm_ber per unit vt)lume (including a factor of 2 for the spig)_as_ ]

1\3
of L
(Zn) dk

and we have

--1—2—>2f(-1—)3dk | 5.8)
Voo % 2n
Jsing spherical coordinates, we obtain ;
- dkedkydk, = Pdksin0d0dg . - (5.9)
‘t is then easy to show that
rz—%fdkﬁ fg(E)dE (5.10)
or complicated E(k) relations, g(E) takes a form that is more complicated than

Eq. (5.6). For example, for one of the lowest conduction band ** a in silicon
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o

(one of the six ellipsoids), we have (transforming the ellipsoid to a sphere by a
suitable coordinate transformation in k space) ' a B

i 2\
V3 ) e

The term +/m}m;2 replaces m*3/2 of Eq. (5.6). One therefore defines a density
of states mass mg ' -

g(E)=

my = (mim;?)'/3

which differs from the conductivity mass of Eq. (3.31).

Higher in the conduction band, the proportionality of g(E) to +/E — E. ceas-
es to be true because of the complicated E (k) relation for the conduction band
of semiconductors such as silicon or gallium arsenide (Figure 5.2). In this case
the density of states cannot be calculated explicitly but is easily calculated by
numerical methods. To understand these methods, consider a surface of constant
energy Ep in k space. This surface is equal to the circle shown in Figure 5.1
only for the simple case of isotrospic effective mass. In general this will be a
surface (two-dimensional in three-dimensional k space) of arbitrary complicated
shape. We now could calculate the number of states in the volume of this sur-
face similar to Eqgs. (5.3) and (5.4). However, we also can directly look at the
number of states in the differential volume between the surface Ep and Ep +dE.
The thickness dE expressed in terms of k; (the unit vector perpendicular to the
equal average surface) reads: '

(5.12)

dE = |VxE(k)|dk (5.13)
as known from calculus, and therefore the density of states is given by
ds '
Eq) = f e 5.14

Here ds signifies the surface integral over the surface of equal energy Eo in
k space. This integral can be evaluated by very efficient numerical methods.

The integration is performed by selecting a random sequence of points k;
within the first Brillouin zone around which differential contributions to the

density of states are calculated. Within a small fixed-size radius Rs of each

point k;, E(k) is assumed to be a linear function of K. E(k;) and VEi(k;)

are evaluated, If part of a surface E(k) = Ep lies within the small sphere of

radius R centered at k;, the shortest distance between this surface and k; is
R = |(Ey ~ E(k;))/VxE(k;)|. Therefore, the area of intersection between this

surface and the small sphere is T(RZ — R2), and its contribution to the density of

states is simply m(R% — R2)/|ViE(k;)|. This procedure is iterated until the de-

sired accuracy is reached, taking care to normalize g(E) appropriately with the

number of points selected.

G111
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f_gure 5.2 The density of states for silicon as calculated from the empirical pseud0potelitial
model (conduction band). ' : ‘

These modifications of the explicit simple treatment of the density of states
e necessitated by the complicated form of the energy bands at high energies far
ve (below) the band edges. Also, at low energies, modifications of the propor-
onality of g(E) to +/E — E;.can be important. These modifications are usually
-consequence of the doping. Figure 5.3 shows the impurity-related density of
tates for various degrees of doping. For light doping (Figure 5.3a), the impurity
vels are the single “hydrogen-like” levels. For higher impurity densities (Fig-
5.3b), an impurity band develops that merges at very high concentrations
with the conduction band (Figure 5.3c). In the latter case, the semiconductor be-
es as a metal; that is, it is highly conducting down to the lowest temperatures.
A simple semiquantitative treatment of the impurity “band tail,” shown in
@ Figure 5.3c, has been proposed by Kane [2]. His treatment rests on the assump-
on of a local conservation of the density of states, He visualizes the impurity
ofential at high impurity densities as a smoothly varying potential Vi(r), as
hown in Figure 5.4.

The density of states at each point r is the density of states of the unper-
bed crystal as shown in Figure 5.4. In other words, the conduction band edge
locally shifted and the density of states starts to increase from these shifted
nergy values. The fact that the conduction band edge is shifted exactly as the
otential Vi(r) follows, of course, from the effective mass theorem, which is then
& basis of Kane’s theory. :

Kane further suggests using the potential Vi(r) as a stochastic variable obey- -
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fail for very close spacing of impurities.

A very different treatment, valid for the “deeper” band tail, has been given
by Halperin and Lax [1]. Although this theory does not rely on the simple picture
of the effective mass approach, it is valid only in the deeper band tail and is not
simple enough for engineering applications. We therefore propose a pragmatic
approach for complex simulations related to devices: use Eq. (5.16) and evaluate
1 from pertinent experimental data for the (restricted) range of doping densities
that is of interest, . - E ' ' '

E, Eo

9(E)

g

(a) ' (b) (c)

Figure 5.3 Density of states in a semiconductor including impurity levels,

2 PROBABILITY OF FI'.N.DING ELECTRONS IN A STATE

ere we describe equilibrium statistics, which are well known and described in
‘many other texts. We therefore list only a few facts that are used in the following
and refer the reader for derivation to the excellent treatment by Landsberg [3].

- In equilibrium, the probability of finding an électron in a state of energy £
given by the Fermi distribution f, as derived in texts of statistical mechanics
B = :
“The parameter Ef is known as the Fermi level (chemical potential) and is deter-
mined by the total number of charge carriers.

' Figure 5.5 shows f(E) for T =0 and T % 0. For zero temperature, f(E) =1
below Ep and f(E) = 0 above Ep . This means that all the states below Er will
be filled and all above it will be empty if 7 = 0. For higher temperatures, the
-distribution function exhibits an exponential (Maxwell-Boltzmann) tail,

There are two important approximations to. f(E). For low temperatures,
f(E) can be approximated by the step function H(E - Eg), as evident from Fig-
ure 5.5.

EA
(5.17)

F(E)T~0 ~ H(E — EF) - (518

Figure 5.4 The locally conserved density of states in a slowly varying potential of impurities. ) .
' ' ‘In this case, the derivative of f is

- - di ag - ﬁ F '
ing a Gaussian distribution I . J j;f) 8 ) (5.19)
= —exp(~VE/n? 5.15 3
F(W) \/EexP( T/m) 619 . A general useful relation is also
The quantity 1 has been also estimated by Kane {2]. For our purposes, it is : Af(E __
sufficient to regard it as parameter (a typical value for 10" cm™? impurities “J;(E‘)“ = —f(E)(1= f(E))/kT (5.20)

would be 50 meV). If the unperturbed density of states is denoted by g(E) and
the density of states including impurities by gi(E), we obtain o

E-E. )
aE)= [ sE-AF(E)(en) (5.16)

The equation is general enough to hold also for two-dimensional systems. Rfa-
member, however, that Eq. (5:16} is based on the effective mass theorem and will

If we are only interested in the higher energy tail of f(E), then we can
..neglect the one compared to the exponent in Eq. (5.17), which gives

F(E) ~ BE)AT (5.21)

Remember that at finite temperatares Eg is the parameter that characterizes
the density of electrons [see Eq. (5.23)] and represents the ch: ' 3al potential,
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Figure 5.5 Fermi distribution as function of energy.

which is temperature dependent itself. The function of Eq. (5.21) is called the
Maxwell-Boltzmann distribution function.

Holes like electrons obey Fermi statistics, but as if their energy were mea-
sured “downwards.” This can easily be seen from the fact that the hole distribu-
tion f; equals 1 — f, where f is the electron distribution.

Equation (5.21) describes the probability of finding an electron in a con-
duction band state of energy E. Remember that two electrons of opposite spin
can ocoupy such a state. This factor of two is included-in our treatment of the
“density of states. The probability that the energy level of a donor is occupied
is more difficult to calculate for various reasons. For one, a donor can usually
-only accommodate one electron (the one which is then “donated”). There are,
however, in addition to the ground state, excited states available for the electron
and the various states with and without the electron can have degeneracies (e.g.,
owing to the fact that two spin states are available to the electron bound by the
donor). As a consequence one obtains for the probability fp /4 of occupataon for
a donot/acceptor of energy Epja:

1
1+ Ppyaexp(Ep/a — EF)/kT

Fosa = (5.22)

-

where the factor B/ can often be approximated by fip = 1/2 and B = 2 as
derived in Landsbcrg s [3] treatment. Note that the establishment of such a dis-
tribution depends on the communication of the donors with band states and can

take considerable time as discussed in Chapter 9.
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5. 3 ELECTRON DENSITY IN THE CONDUCTION BAND

From Eq. (5.7), by using Eq (5.22) for the dlstnbuuon function (which will be
Justlﬁed below) we obtain for the density n in the conduction band

=ZI=5( )3/2f (1+exp(E Ep)/kT) l«/‘dE

Ae

. (5.23)

Here we have assumed that the conductlon band extends toward mﬁmty (the
€xponent decays rapidly) and we have chosen the conductlon band edge as the
zeto of the energy. Note, also, that an effective mass of a smgle minimum has
been used. Substituting % for E/KT and 3y for EF / KT. One is left with a Fermi
tegral defined by

VR, 0 1+exp(x xp)

which must be evaluated to obtam the carrier concentration n¢ in the conduction
band. For % < —2, the exponent in the denominator of Eq. (5.24) dominates
and, if one seeks accuracy within a few percent only, the one can be neglected.
The integral then becomes equal to the T" function.

Iy (XF) (53.24)

- fo e aE=T(s+1) (5.25)
and we obtam | .. k
1, 2m*kT‘ 32 ~ '
ne ( o ) FRINT = e/ (5.26)

where N, is called the effective density of states for the conduction band. Here
we have used the following expression for the I function:

| I(1/2) = +/(m) (.27)
T(s+ 1) =sI(s) (5.28)

suany have
"r(s+ 1) =s! (5.29)

For the density p of holes in the valence band, we obtain in a similar manner

~

1./ 2mkT N3
P=3 ( Zlﬁ i ) o\-EaBe/MT) = N, o(~Ba~Ee) T

where Eg is the band gap energy. .

which is valid for s bemg an mteger multlple of 1/2. For s being 1nteger, we

(5.30) .
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' One usually defines an “intrinsic concentration” r; by:the product » - p. This

product is given by

As can be seen, this product depends only on semiconductor material parameters
and not on the Fermi energy. Equation (5.31), therefore, holds also when the
semiconductor is doped. Of course, if the doping goes up to levels so that T <
—2, the approximations are invalid and so is Eq. (5.31). In this case the integrals
I1/2(*r) appear in the final result. Note, however, that even these integrals are
correct only if the density of states is proportional to the square root of the energy.
For the general case of Eq. (5.16), /1 /2 (¥r) is replaced by a more general integral

elf) e
0 1+4exp(x—%)

where gi(¥) can be calculated by (numerical) integration from Eq. (5.16) and
represents the energy dependence of the density of states that replaces +/%. To
determine the electron and hole concentration in a given band we still need to
determine the Fermi level E. The Fermi level Ep can be calculated from the
charge neutrality condition. For the pure semiconductor this condition means

Lo (%) = (5.32)

" p=n (5.33)
and both r and p (now termed the intrinsic mncenlraﬁons ni, p;) can be calcul‘at-
ed from Eq. (5.31).

In the presence of charged donors, of constant density N3, and charged ac-
ceptors, of constant density Ny " » charge neutrality must be written as

N +p=Ny+n (5.34)

To solve Eq. (5.34) for the Fermi level, we need to express Ng and N
as a function of Ep. The total density Np of donors (or of acceptors N) can
often be assumed as given, as for example deduced from the method of doping
(diffusion, ion implantation). The density of charged donors Ny} (or acceptors

- Ny ) is then obtained by mulitiplying the total density with the probab111ty for a

donor to be empty or acceptor to be filled, which can be obtained from Eq. (5.22).
Equation (5.34) therefore represents, in general, a transcendental equation for Ep.

Sec. 3.3 Electrpn Density in the Conduction Band 77

1. The pure semiconductor with m* = m}. In this case, the equatmn of

charge neutrahty, Eq. (5.33), together with Eqg. (5 26) and Eq (5.300,
g1ves

EF =—Eg/2 (5.35)

That is, the Fermi energy is in the middle of the energy gap (if m} #
*, it will be slightly shifted). This justifies @ posteriori the use of the
Maxwelhan distribution for the calculation of n, because only the tail
of the distribution function is within the conduction band. The infrinsic
concentration of several semiconductors is shown in Figure 5.6,

2. A semiconductor is doped with Np donors and Np > n;. Furthermore,
we assume that at high temperatures Np ~ ND , while at low temperatures
N =0 (the electrons “freeze out” back to their parent donors, as shown

--.below) Then
nz
n=-L +ND ~ Np (5.36)

for high temperatures, while # =2 0 for low temperatures. Notice, howev-
er, that if the temperature becomes very high, the term r? /n in Eq. (5.36)
cannot be neglected as the intrinsic concentration rises. This gives the
graph n versus T', as shown in Figure 5.7.

3. At low temperataures, the assumption Np ~ Np, *+ does not hold because
© the thermally excited electrons recombine w1th the donors largely neu-
tralizing them. Njj is generally given'by o
N+ =No(1- fD) C (53N
with fp from Eq. (5.22). .
Equation (5.34) then reads in the absence of acceptors
Np(l-fo)+p=n (5.38)

In the limit T — 0K, fp approaches one and all terms in Eq (5.38)
approach zero. Physically the electrons “freeze out” from the conduction
band and recombine with their “parent” donors.

ltis easy to include the eliipsoidal shape of the equal energy surfaces in our

calculations. For example, if we consider the silicon conduction band, we have
to replace mj; by (m}m}?)!/3 3 and multiply the result by 6 because we have six

degenerate elhpsmds located inside the Brillouin zone. Germanium has eight

ellipsoids whose center is at the L point of the Brillotin zone. Within the zone

. there is only one-half of each ellipsoid and we have to multiply the result by a
factor of 4 instead of by 6, as in the case of silicon.

- Let us finally mention that another complication in the calculation of carrier

densities arises from the fact that the energy gap Eq actually depends on tem-

perature. There are different reasons for this temperature deper ¢, which are

If band tailing is included, the equation may in addition contain numerical double
integrations involving Eq. (5.16) and Eq. (5.32). Nevertheless, such equations
are easy to solve with current personal computers by use of the Newton method
(see, e.g., Numerical Recipes [4]).
To remind the reader of the most important spcc1a1 cases, we add hcre afew
analytical considerations:
F
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- 4.1.4 Fermi-Dirac, Bose-Einstein, and Boltzmann Distributions

Let’s now consider the probability of electrons occupying a specific quantum state, We
assume that we have determined the accessible quantum states for electrons in a given
system. From the Pauli exclusion principle, each quantum state can have a maximum of
one electron, If the system is at equilibrium with a temperature T, we wish to determine
the probability of one quantum state having energy E being empty or occupied by one
electron. We take this specific quantum state as our system, and the rest of the accessible
quantum states of the original system are grouped into the reservoir. There can be energy
and particle exchanges between the new system and its reservoir because an electron
can fluctuate randomly between this quantum state and other quantum states. Thus the
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apprbpriate ensemble for the new system is the grand canonical ensemble, The grand
canonical partition function for the new system can be evalopated from eq. (4.18),

: ) _ .
—F
STV =Y yMZ =1+exp (-“—-—) (4.35)
o : kT

where N; = 0 means that the quantum state is unoccupied, with system energy at zero,

~and N; = 1 means that the state is occupied, with system energy at E. According to

eq. (4.17), the probability that this quantum state is empty or occupied is, respectively,
1

PE;=0,N,=0=F= --——_E {empty) (4.36)
- 1+exp (4F)
and
exp (*;; ) :
PE=<EN=0)=P=——>—"+*_ (occupied) 4.37)

—E
1+ exp (isT )
'The average number of occupancy of this quantum state is thus

M= fEY=0xPE=0,N=0+1xP(E;=E,N;=1)

1 (4.38)
~exp (E4) +1
and the average energy of this quantum state is
(Ey=0x P(E;=0,N;=0)+Ex P(E;=E,N; =1)
' (4.39

E

= —————— = Ef(E)
exp ('Eil'i) +1

{n}, or in a more popular symbol f, is called the Fermi—Dirac distribution function.
Electrons and other particles that obey the Fermi-Dirac distributions are called fermions.
Figure 4.3 illustrates this distribution function. Recall that  is the chemical potential.
When the energy is a few times of g Tsmaller than the chemical potential, the dis-
tribution is close to one, indicating that most of the energy states below the chemical
potential are occupied. When the energy is a few times of «z T larger than the chemical
potential, the distribution function is close to zero, indicating that most states above the
chemical potential are empty. Because the motion of electrons means that there must
be unoccupied states for the electrons to fill, only the electrons close to the chemical
potential are active in carrying the charge. At zero temperature, the chemical potential
equals the Fermi level. In some fields, however, particularly electrical engineering, the
chemical potential and the Fermi level are used interchangeably.

. Next, let’s consider the probability of phonons or photons occupying an accessible
guantum state of the system. Unlike electrons, the number of phonons or photons in

a system is not conserved. Thus ¥ is not a thermodynamic variable for the system,




136 NANOSCALE ENERGY TRANSPORT AND CONVERSION

1

o o
(-] [~

e
~

FERMI-DIRAC DISTRIBUTION

o
o
T

100K-300K 4
‘-

\!
- i
.
bl .
—_— L

i " I " 1 ] L )
0-0.1 -0.05 0 0.05 oo0d
E-p (eV}

Figure 4.3. Fermi-Dirac distribution as a function of the electton energy relative to the
chemical potential. i

and, correspondingly, neither is the:chemical potential. We know that for an accessible
quantum state of the system, with frequency v, there can be an arbitrary number n of
photons or phonons such that the total energy of this state is £ = (n + 1/2}av (n =
0,1.2,...). Following a similar argument as for electrons, we take this quantum state
to be our new system and the remaining quantum states to be the reservoir. Since neither
the chemical potential nor the particle number is a thermodynamic variable, the new

system is best described by a canonical ensemble with the canonical partition function . .

ad (n+1/2) hv exp (“ z,f;’T)
Z() = (— : ) = (4.40)
v Z_gexp xgT 1—exp (_ KF;UT)

The probability that the quantum state (the new system) has n particles (photons or
phonons) is thus '

_ (1 Dhy

exp (= L) B _ '
Plv,n) = ( 7 5T ) = BXp (—gl%) [1 — exp;(—:—vT)} (4.41) -
B B

and the average number of the particles, or the occupancy of the guantum state, is

(ny=f) =) nP,n)= ———— (4.42)

n=0

This equation is the Bose—Einstein distribution function, and the particles obeying
this distribution are called bosons. Figure 4.4 shows the Bose—Einstein distribution. -
Because each particle has energy Av, the average energy of the quantum state is

(E) = hof (v) (4.43)

STA

5
4
3]

BOSE-EINSTEIN DISTRIBUTION

Figure 4.4 Bose—Ein |
photons}. '

where we have neg ‘
transfer processes. |

Other boson 8ys!
For such bosons, w
general Bose—Einst

where @ is again th
The Bose—Einst
Fermi-Dirac distril
and high temperatu
Boltzmann distribu -

fE,
This distribution fu |

Einstein distributic
between “classical

4.2 Inte

The statistical dis
quantum state and




relative to the

r an accessible

v number i of

-1/2)hv (n =
guantum state
. Since neither
ig+" - the new
i function

(4.40)

s (photons or

)] (4.41)

 state, is -

(4.42)

icles obeying
- distribution.
tate is

(4.43)

)

STATISTICAL TH ERMODYNAMICS AND THERMAL ENERGY STORAGE 137

SR M
- |
P ! 4
v \
= . “ \l |
Q 4| 1 Y ]
E = -
= . ] \
o o .
E 3 ] -
E HE 5000 K
“u 34" ] - .
o . [} \.
= F : ~
o . DOOK B e
w * " -
Z 24" I o -
Lex . \ .l
[Fi] L] LY -
o« . “
8 300K N,
1 . i
Ll “‘
00K s, e
0 N T AP siratviair ot
0 a1 0.2 0.3 0.4 0.5
FREQUENCY (X10" Hz)

Figure 4.4 Bose-Einstein distribution as a function of the frequency of the carriers {phonons and
photons). '

where we have neglected the zero-point energy, which does not participate in heat

. transfer processes.

Other boson systems, such as gas molecules, can have a fixed number of particles.
For such bosons, we should use the grand canonical ensemble as for fermions, and the
general Bose-Einstein distribution can be written as- :

|
exp (E £ ) -1
where g is again the chemical potential of the boson gas.
The Bose—Finstein distribution changes the “plus one” in the denominator of the

Fermi-Dirac distribution into minus one. In the limit of low occupancy (high energy
and high temperature), both Bose—Einstein and Fermi—Dirac distributions reduce to the

Boltzmann distribution function
E—-u\ - E
E ] — ——
7 )orf( )] exp( KBT)

This distribution function is considered as “classical”, while the Fermi--Dirac and Bose—
Einstein distributions are “quantum.” Thus, for the statistical distributions, difference
between “classical” and “quantum” statistics lies merely in the “one” of the denominator!

(n) = f(E) = (4.44)

f(E, T, p) =exp (— {4.45)

4.2 Internal Energy and Specific Heat

The statistical distribution functions establish a link with temperature between the
quantum state and its energy level. With the distribution functions, we can investigate
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the properties of matter at finite temperatures. In this section we consider the internat
energy and specific heat. Recall that the constant volume specific heat per unit volume,
Cy [Tm~3 K™}, is defined as .

' 3u
Vo= —_— R . 4.
Cy = BT) (4.46)

where- U is the average internal energy of the system. We will consider the internal
energy and specific heat of various energy carriers in this section.

4.2.1 Gases

For adilute monatomic gas, the total mternal energy is ngen byeq. (4. 30) Consequently,
the volumetric specific heat is

13
= — 4.4
Cy = _ VZKBN . (4.47)

Since the number of molecules per mole equals Avogadro’s constant Ny = 6.02 x
10% mol !, the specific heat per mole for a monatomic gas is

3 3

oy = “kgNa =R (4.48)

2 2

where R(= kg N4 = 8.314 JK~! mol™!) is the universal gas constant.

For a-diatomic gas, we should consider the contributions from the rotatlona] and
vibrational states, We already have from eq. (E.4.1.3) the rotational pamtlon function -

of one diatomic molecule,

Zr=2(2€+1)exp T
=0

ad [_ 6-L(£ + 1)]

We will consider next the vibrational partition function. The v1brat10na1 energy of a
harmonic oscillator was derived in chapter 2 as

E=hv(n+%) (rn=0,1,2,...)

~The vibrational partition function is thus

zv=§gxP(_hv(n+1/2)) | e"P( #)

xgT 9
B exp ( #_L) J—
where 6, = hv/kp is called the vibrational temperature.
In addition, the molecule also has electronic energy states. From the solution of the
electronic energy levels in chapter 2 for a hydrogen atom, we know that the electronic

n=0

(4.49)
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energy I:\%é}s are high and that their separations are large. So we can take the first term
only of the electronic partition function ' ' Coe

E.l Ee | Ee1
Z, = ge1€xp [—Q—ET] + 8e2 EXP [—;{j] 4ot A gy €XP [—m—"’T (4.52)

where E,; is the ith electronic energy level and g.; is the degeneracy for that
energy level. From egs. (4.27) and (4.32), the canonical partition ‘function for N

molecules is

Z N
_ &z229” (4.53)

Zn G

and the average internal energy of the molecule, aécording to eql (4.30), is thus

3 (ZiZy ZuZe)™
2 f & ayLe)
U=wpT’ {ln (———N! )]

o8 ¥ ]

2
= —(nZ) 4+ ——0nZ)+-—(>nZ
xgT N{aT(n ,)+3T(1q r)+aT(1n u)

a
+8_T(1n Z)—(InN — 1)} : 4.54)

" The volumetric specific heat can be obtained by taking the derivative of U with
respect to T at constant V. The translational energy contribution to- the specific
heat is given by eq. (4.47). The electronic energy level contribution to the specific

heat is

N 8 , 8
Ve VT [KBT o Ze] 0 (4.55)

This result is because the electrons are only sitting in the first energy states and their con-
tribution to the total system energy does not change with temperature. The contribution
of rotational energy states to specific heat is

N[ 2 ® (2 o e [ EEERD
Cvr =357 |:IC3T aTm(g(le)exp[ T ])] (4.56)

We know, from eq. (E4.1.3), that the summation in the above equation ié'proportional
to. T/6, at high temperatures. In this limit, the contribution of the rotational energy level
to the specific heat is .

Cv,r = Nxg/V(at high temperature} (4.57)

This result is again a manifestation of the equipartition theorem. A diatomic molecule
has two degrees of rotational freedom. So at high temperatures, when the rotational
levels are fully excited, each molecule contributes 2 x xpT/2 = k5T to the average
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Energy. At low temperatures, the rotatlonal spemﬁc heat must be calculated from the
full rotational partition function in the summation format, eq. (4.56). Slrmlarly, the
contribution of the v1brat10na1 energy state to the spec1ﬁc heat is

35 e

3.0 L

kpN 62 /T

Cvp = VT2 (@I 1) . (4.58) % f
At high temperatures, the above formula feads to of
Cr oL (4.59) M
v : 00l
10 1
which is again a manifestation of the equipartition theorem. After obtaining the con- TE
tributions from all the energy modes, we calculate the total specific heat of a diatomic
molecule by summing each of the contributing terms: Cy = Cv;+Cy ,+Cy +Cy .. 4.2.2F
The following example shows more numerical details.
. o Now we investiga

e o have a parabolicl
Exampie 4.2 Specific heat of Ha aeap ;

The rotational temperature of a hydrogen molecule is 85.3 K and its vibrational
temperature is 6332 K. Plot the specific heat of hydrogen gas as a function of

‘We obtained the ¢
temperature. |

~ Solution: From egs. (4 48), (4.56), and (4.58), we can write the total spec1ﬁc heat
per mole of a diatomic gas as

Ny
R 2 (T C (/T —1)2
3 B,£(€ + 1)
+ﬁ[ —ln (Z(%+l) [ —-—D] (E4.2.1)

The last term in the above equation can be written as

C‘V.r-_= & z
R . T

The total number

From eq. (4.62),t
fora given n. For

We have alread

Z, Z£(2£ + 1)32(3‘_*_ l)zexp [_Q}'E(;;*'H)J - [Ze(zg + 1E(€ + 1) exp [_Q&%‘i—_ﬂ]]z 7 at‘T' = -O is cal
: . _ —_— . _ explicitly integrat
o o ' z ' canuse the Boltzr
(E4.2.2) Equation (4.62) ¢
A computer program is used to carry out the above summation. Figure E4.2 plots n= f exp (: |
the variation of ¢y /R with temperature. At low temperatures, only the translational F
c

" energy levels are fully excited and the specific heat is 3R/2. As the temperature
increases, the rotational energy levels become excited and contribute to the specific
heat up to a maximum of R so that the total specific heat reaches SR/2. At even
higher temperatures, the vibrational energy levels start contributing to the specific
heat, which approaches a final value of 7R/2.

*n electronics, he
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TEMPERATURE (K) gas as'afunction of temperature.
4.2.2 Electrons in Crystals

Now we investigate the specific heat of electrons in a crystal. We assume that the electrons
have a parabolic band with an isotropic effective mass

hZ . L _
E-Be=po(Qtig+k) . (4.60)
We obtained the density of states in chapter 3, eq. (3.52), . ' e
1 f2m*\%? S
DE)Y=52 (5_2) (E—Eot? (4.61)

The total number of electrons per unit volume is thus
. o \ |
n = f f(E,T,W)D(E)dE (4.62)
0

From eq. (4.62), the chemical potential as a function of temperature can be detcrmined
for a given 1. For T = 0, the above relation leads to
i
1 Im* 372 32
n= f D(E)dE = 33 (_};2—) (uw— E)Y (4.63)
E. :
We have already obtained this relation, eq. (3.53),in chapter 3. The chemical potential
p at T = 0 is called the Fermi level, E;.* At other temperatures, eq. {4.62) cannot be
explicitly integrated. However, when (E — )/ kpT >> 1, which s the classical limit, we

can use the Boltzmann distribution as an approximation of the Fermi-Dirac distribution.
Equation (4.62) can be integrated explicitly,

o0 : : ) '
—E+u\ 1 [2m*\*7? 12 E.—
G ) G i e

) {4.64)

*In electronics, however, E ¢ Is often used to represent the chemical potential at all temperatures.
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with

2rm*icg T\ /2 .
N, =2 (i”;zi) : (4.65)

Equation (4.64) is often used to determine the chemical potential level in doped
semiconductors, as witl be seen from the following example.

Example 4.3 Chemical potential level in doped semiconductors

Silicon is a widely vused semiconductor material, and it is often doped with phos-
phorus to form an n-type semiconductor. Determine the chemical potential of an
n-type semiconductor doped with phosphorus with a concentration of 107 ¢cm—3
at 300 K, assuming that every phosphorus atom contributes one free electron to the
conduction band and neglecting thermally excited electrons from the valence band.
Although the silicon conduction bands are not spherical [figure 3.18(b)], they can
be approximated by an isotropic band with an effective mass equal to 0.33m, where
m is the free electron mass.

Solution: Silicon has six identical conduction bands [figure 3.18(b}). When counting:
all six bands, eq. (4.64) should be written as

2 7)%? E.— | '
n=12 (m) exp (—C—ﬁf) (E4.3.1)

h? kgT

Taking n = 10'7 cm™>, we can find the chemical potential as

u— E; [ n 2am*gT —3/2
«gT 12 A2

~3/2

6.62 x 1068

- 102 (2:: x 0.33 x 9.1 x 10731 % 1.38 x 1023 x 300)

(E4.3.2)

i — E; = —5.65 x 26 meV = —147 meV (F4.3.3)

Comments. 1. The negative sign means that the chemical potential is below
the conduction band edge. The silicon bandgap at room temperature is 1.12 eV.
Thus the chemical potential level is within the bandgap. In fact, only in this
* case, the Boltzmann approximation we used in eq. (4.64) is applicable because
' the electron energy inside the conduction band, minus the chemical potential,
is much targer than-xp 7. If the chemical potential is close to the band edge or falls
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inside the conduction band, which is the case when the semiconductors are heavily
doped, we need to carry out numerical integration with the Ferrm—DLrac statistical

distribution.

2. The value of the chemical potential needs a reference point. Equation (4.64)
“suggests thatitis the relative difference between p and E,. that determines the electron
number density, and thus this difference is the value of the chemical potential. In
chapter 6 (figure 6.9), we will give a more detailed discussion on the zeference

point issue.

To calculate the spec:lﬁc heat of electrons we ﬁrst formulate the internal energy of

(T = /EF(E T, u)D(E)dE - (4.66)
- h . _

For convepience, we limit our discussion to meta_ls so that the number of electrons per
unit volume n, is fixed. We further take E; = O as reference, eq. (4.062) becomes

ne = f F(E,T, ) D(E)dE = constant @

‘We can use eq. (4.67) to rewrite eq. {4.60) as
U(T)y = f(E Eff(E, T, u)D(EYdE + Eyn, (4.68)

where E s is the Fermi level (u at T = 0 K). In eq. (4. 68) since only f is temperature
dependent, we obtain the heat capacity of the electron system as

C, = f (E-E f)fi—f(i’T————T—’mD(E)dE (4.69)

Typically, df/dT is nonzero only in the region close to the chemical potential. If the
density of states does not vary rapidly around g, we can use iis value at E = y and pull
D{) out of the integration. In addition, the change of p with temperature in metal is

- very small because E is very large. We can thus neglect the temperature dependence
_ of p and set ¢ = E¢. Under these approximations, eq. (4.69) becomes

df(E,T,
ce~D<u)f<E Ep @00 4
Fa-epe-w oo (5#)
= D() L 5dE
I [ (%) +1]
| w xze" .
~ k5 TD(Ey) f T 1)2dx 4.70)
—EpfegT
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Since Ey/kgT is very large,-the above infégra] can be evaluated by setting thc lower

limit to —oo, leading to the following expression for the specific heat
1,

C. = 3 nekpT /Ty (4.71)

where Ty = Eyficp is called the Feimi temperature. In deriving eq. (4.71), we used

the relationship n, = 2E y D(E y)/3, which can be obtained from egs. (3.52) and (3.53).
Thus the specific heat of electrons is linearly dependent on temperature.

4.2.3 Phonons
4.2.3.1 Debye Mdde! _.

In chapter 3;_We obtained. the 'pho_non _density of states per unit volume under the
~.Debye approximation when . the three acoustic phonon polarizations are identical
leq. 355, | o

dN w?

@

o D(w) = =3
(co) Vdw x 2203,
The total energy of phonons per unit volume is
7 3  hetd
: w’dw

U= frhof (T, o)D (w)dw = ' : 4.73
[ hor @ oD@ 0 P [t am
o CAPUH _ . 7

0 .

and the volumetric specific heat of phonons can be calculated frorﬁ

wD

U 3h% w* exp (hw/xpT)
TaT 2m2vdkpT? g [exp(hw/kpT) — 12

C 4.74)

From eqs. (3.56) and (3.57), the Debye frequenéy wp, Debye velocity vp, and Debye
temperature &p are related through ‘

: Tvp  Kgfp
S wp=— =

4.7
. 5 (4.75)

where ap is the effective lattice _(.ﬁonstant under the Debye model. Substituting eq. (4.75)
into eq. {4.74), we get '

Co 32 w* exp(he/kpT)
" 2n2(apwp/n)YkpT? | [exp (hw/kpT) — 112
1]

dw

fp/

’ T
( T )3 f eFdx
fp 2 (e¥ — 1)?

_ 33’1’!(3

(4.76)
2a3D : .
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- Using eq. (3.57), the speciﬁc heat can be further written as

ey TN stera .
X é°ax
C=o%s{ =)= Leax 4.77
B(V) (91)) (ex — 1)? (4.77)

* where N/V is the number of atcms per unit volume. Atlow temperatures the 1ntegrat10n
- limit can be set to infinity, leadmg to the famlhar T3 law,

_-3671' kg N TY\? 3 ‘. '
C(T)"—, 5 (V) (5;) O(T | (4.78)

Generally, the Debye temperature is unknown and the above expression is used to
calculate the Debye temperature from experimentally measured values of specific heat.
If the Debye model is accurate, a single value of the Debye temperature should be able
to fit all of the temperature-dependent specific heat data. Such a sitnation happens rarely,
however, and the Debye temperature is sometimes given as a function of temperature.
This temperature-dependent Debye temperature is because the Debye model assumes
a linear dispersion, which is pot valid for phonons close to the boundary of the first
Briliouin zone. In particular, it-is corpletely wrong for optical phonons, for which the
Einstein model is more appropriate, as we discuss below.

4.2.3.2 Finstein Model

Einstein’s model assumes that all phonons have the same frequency wg and is thus more
appropriate for optical plionons. We assume that there are N' states; that is, N’ is the
number of lattice poinis or primitive cells for each optical phonon polarization.* The
total energy of the crystal per unit volume due to the contribution of the optical phonons

with a frequency e is then
(T, wp)h N,N'#
N'f(T,wg)hop pN'Awg 4.79)
v _ V[exp(ka)g/xg T)—1]

where the factor N, accounts for the number of polarizations of optical phonons at this
frequency. The spec1ﬁc heat per unit volume is then

UNp

aU N’ (hwg/icpT)? exp (hwp/kpT) (4.80)

C=— =Ny
aT PPy T lexplhwp/xpTs) — 112

The contributions of other optical phonons at a different frequency can be similarly
calculated. At high temperature, both the Debye model and the Einstein model lead to
the sarne result, as required by the equipartition theorem because the oscillator has three
directions and each direction has two degrees of freedom (kinetic energy plus potential

" energy).

Clearly, the Debye model will be more appropriate for acoustic phonons and the
Einstein model for optical phonons. Atlow temperatures, acoustic phonens are normally

*Notice that this N' is different from N-in the Debye model in which alf phonon modes (including the
optical modes) are lumped as three identical acoustic modes. )




146 NANOSCALE ENERGY TRANSPORT AND CONVERSION

) pe——p—— T T T— T
‘ [ . T —x
co000 000" %
330 - 5 ﬁQO -
- ; .9.---—-"‘"'"':- TOTAL SPECIFIC HEAT 1
\390 - - /4" -
S C A
= 250
o
=
=4
5
=
&

e ey T oy e ey W A

1000

Figure 4.5 Estimated contribution of différent phonon branches to the specific heat of GaAs
(Chen, 1997).

excited, so the Debye approximation is more appropriate. At room and higher tempera-
‘tures, both acoustic and optical phonons are excited and a combination of the two models
is more appropriate. Figure 4.5 shows the estimated contributions of different phonon
polarizations to the specific heat of GaAs (Chen, 1997). In this figure, a sine-function
was assumed for the acoustic phonon dispersion.

4,2 4 Photons

Photons are bosons and obey the Bose—Einstein distribution. We have obtained the
photon density of states in a three-dimensional cavity in eq. (3.59),

dN o
" Vdo 2c3

D(w) (4.81)

From: eq. (4.81), the photon energy density per unit volume: per unit angular frequency
interval is

ki @
w2c3 fexpllhew/kpT) — 1]

Uy = flw, TYhwD(w) = (4.82)

Since a photon propagates in all directions at the speed of light ¢, the iniensity is then*

Uy . K o
4w 4m32 [exp (hoo/kgT) — 1]

I, = (4.83)

*See section 6.1.3 for a more detailed explanation of intensity.
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Equation (4.83) is the Planck blackbody radiation law, cxpressed in terms of per angular

S frequency mterval In terms of wavelength, we have
v -I- N Ll . LT N d C
: I =1,|% i/ (4.84)
-] , dx AS[exp(Cz/AT) —1]
1 where C) = 2mhe? and C2 = hc/kp. The blackbody emissivity power that is given
1 in eq. (1.9) can be obtained easily from the above expression for intensity through
~. J e = ml. Integration of eq.- (4.82) for frequencies ranging from 0 to oo leads to the
] total photon energy densﬁy
] o ‘ 4
. : R .. U=-oT* : (4.85)
- . c .
] _ where a(= 5.67 x 1078 Wm_2 K~4) is the Stefan—Boltzmann constant. The total
. intensity is .
1000
T4 :
| =20 (4.86)
cific heat of GaAs : _ T '
o and the blackbody emissive power is thus
ep=nl=0oT* @3

| higher tempera- . L . N — .
f the two models Although the concept of specific heat is seldom used in radiation, we can follow the
different phonon previous treatment for electrons and phonons and calculate the photon specific heat,

:,_‘; 1e-function - _l6o 73

[

U=

4.88)

which has the same temperature dependence as the specific heat of phonons at low
temperatures [eq. (4.78)].

we obtained the .
B Example 4.4 Electron and phonon contributions to specific heat

The Debye temperature of gold is 170 K and its Fermi level is 5.53 eV. Compute the

481 specific heat of phonons and electrons in the temperature range of 0—1000 K.
gular frequency Solution: The phondn and electron contributions to specific heat are given by
(4.82) Phonon: C = 95 (_) (_) f Xerdx

| v/\6) J -1

ﬁensity is then* 1
Electron: C, = En'znefc,g T/Tr

(483) o

Gold has an fcc structure with a lattice constant of 4.08 A, and the number of
atoms .per unit cell is 4. Each atom contributes one valence electron. We have
ne = N/V = 4/(4.08)% x 1073% m~3. The Fermi temperature Ty = Ef/kp = 64,
115 K. Substituting these numbers into the above expressions, we obtain the phonon

T
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and electron specific heats. The volumetric specific heats are converted into mass
specific heat (¢ = C/p) and plotted in figure E4.4, We observe that the electron
specific heat is typically much smaller than the phonon specific heat, except at very
low temperatures.

4.3 Size Effects on Internal Energy and Specific Heat

In nanostructures, we expect that the internal energy and specific heat will be different
from what we have given in the preceding sections. The differences come from two
sources: ong is physical and the other is mathematical. On the physics side, the energy.
levels, and their associated densities of states, will differ from those in bulk materials, as
we have seen in chapter 3. On the mathematical side, for bulk materials we have replaced
the summation over all energy states by integration in calculating the total energy. For
nanostructures, this approximation may no longer be accurate.

A few experimental and theoretical studies exist about the size effects on the
phonon specific heat of nanostructures. For systems of dimensionality 4 of 1 or higher
{d = 1 for nanowires, d = 2 for films, and d = 3 for bulk structures), the Debye
model predicts that at low temperatures the lattice specific heat should be proportional
to 7¢. The most common criterion for dimensional crossover is to compare the aver-
age phonon wavelength A to the length scale of the structure. The average phonon
wavelength can be estimated from the spectral-dependent phonon internal energy {the
integrand of eq. (4.73)], similar to that obtaining the Wien’s displacementlaw, eq. (1.11),
from the Planck law. Well below the Debye temperature, this wavelength is given by
AT = 50nm K for sound velocity vy (5000 m s~ 1. For example, a 3 nm Si thin film
would be expected to exhibit C ~ T2 behavior at 50 K (A ~ 1 nm), but C ~ T2
behavior at 5 K (A =~ 10 nm). Some questions exist about whether the resolting low-
dimensional specific heat should be larger or smaller than the corresponding bulk value.
A simple model (Dames et al., 2004) summing over all of the normal modes of an

elastic continuum with free boundaries predicts that the low-temperature specific heat of
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Figure 4.6 Experimental specific heat of anatase TiO; nanotubes (four kinds of tubes synthesized
under different conditions) and that of bulk TiO; (Dames et al., 2004). Insert shows transmission
electron micrographs of the nanotubes.

1- or 2-dimensional systems should exceed the bulk value, but several other calculations
predict the low-temperature, low-dimensional specific heat should be reduced compared
to bulk (Prasher and Phelan, 1998; Yang and Chen, 2000), slightly larger than the bulk
value (Grille et al., 1996), or varying from both below and above bulk (Hotz and Siems,
1987; Tosic et al., 1992). ' '

Limited experimental data are available to test these theories. The first studies were
on zero-dimensional (0D) metallic nanoparticles of ~2—10 nm diameter, where experi-
ments (Novotny and Meincke, 1973; Chen et al., 1995) show a specific heat enhanced
by 50-100% at temperatures where the average phonon wavelength is comparable to
the diameter of the nanoparticles, an exponential decay at lower temperatures, and an
asymptotic return to bulk values at higher temperatures. These results have been success-
fully explained by theories that sum over all of the normal modes of an elastic sphere
with free boundaries (Baltes and Hilf, 1973; Lautenschlager, 1975; Nonnenmacher,
1975). For anatase nanoparticles, Wu et al. (2001) reported enhancement by 20% for
particles of about 15 nm diameter between 78 K and 370 K. In figure 4.6, we compare the
experimental data on the specific heat of compacted titanium dioxide (TiO2) nanotubes
with that of bulk TiQ,, and show that the nanotubes have higher specific heat at low
temperatures (Dames et al., 2004).

Considerable effort has been devoted to studying the specific heat of carbon nanotubes
(CNT). Yi etal. (1999) observed a linear temperature dependence down to 10 K in multi-
walled (MW) CNT, in close agreement with isolated sheets of graphene. In contrast,
another MWCNT experiment by Mizel et al. (1999) showed a much steeper decay,
with temperatures of about 72 down to ~1 K, a better match to graphite. Bundles of
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single- wa]led (SW) CNT were studied by both Hone etal. (2000} and Mlzel et aI (1999),

and exhibited a linear or slightly superlinear temperature dependence from ~100 K
down to ~2—4 K. At lower temperatures, -Lasjaunias et al. (2003) reported a transition
to T3 attributed to the filling up of inter-tube modes, plus a surprising additional term

proportional to 7934 or 7062 below ~1 K that was qualitatively attributed to localized -

excitations of atomic rearrangement as in glasses and amorphous materials. In all of
these CNT, the specific heat is bounded between that of graphite and graphene. Various
theoretical efforts have had mixed success at explaining these MWCNT and SWCNT
measurements by extending isofated tube models o include the effects of intetlayer
coupling (in MWCNT) and intertube coupling (Mizel et al., 1999; Hone et al., 2000,
Zhang et al., 2003). Overall, more work is needed to reconcile the diverse experimental
resulis with theory (Dresselhaus and Ekinnd, 2000).

In comparison with phonons, we anticipate thatthe specific heat of electrons will have
a stronger size dependence, due to the following factors: (1) the energy quantization of .
electrons is more dramatic than that of phonons; (2) the specific heat also depends on
the Fermi level, particularly the rate of change of the density of states at the Fermi level. -

In our derivation of the electron specific heat in metals, we assumed that the density of
states does not change much near the Férmi level. For nanostructures, the sharp features
in the electronic density of states suggest that this assumption may not:be valid. Indeed,

existing studies show that the specific heat is a strong function of the size (Ghatak and ;

Biswas, 1994; Lin and Shung, 1996). _ _
For photons, we are not interested in the specific heat but rather in the energy density
or emission spectrum from small objects. Since thermal radiation can have relatively

long wavelengths, the issue of size effects on the energy density of the emission spectrum .

- from a small object has béen studied for various geometries (Rytov, 1959; Rytov et al.,

' 1989). One mterestmg questlon is whether the thermal emission from any structure at ‘  .
any spec:ﬁc wavelength can exceed the blackbody radiation given by the Planck law.
For example, the density of states in photonic crystals can be very different from that in’

free space. It can be inferred that in the frequency region where the photon density of
states of the photonic crystal is larger than that in its parent crystal, the energy density
of the thermal radiation inside the photonic crystal can exceed that in its parent crystal.
However, not all of the energy can be emitted into free space since the density of states in
free space is limited by eq. (4.81), and thus the maximum emissive power in an open free
space is the blackbody radiation. There are, however, some recent experimental reports
of the far-field thermal emission from photonic crystals being larger than that of the
blackbody, although the physics is not clear (Lin et al., 2003). At small scales, however,
radiative heat exchange can exceed that between two blackbodies due to the tunoeling
of evanescent and surface waves (Polder and Van Hove, 1971; Tien and Cunnington,
1973; Pendry, 1999; Mulet et al.; 2002; Narayanaswamy and Chen, 2003), which we
will discuss in more detail in the next chapter. Another example is that the emissivity
of particles with a diameter comparable to the wavelength can exceed 1 because of the
diffraction effect (Bohren and Huffman, 1983).

4.4 Summary of Chapter 4

Through statistical mechanics, this chapter establishes the link between the energy
states and temperature for a system in equilibrium. A system in equilibriom makes
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u'nive;_sal gas constant, @ angular frequency, .
TR mol™! rad.Hz _
s - accessible quantum state 1Y’ number of accessible states
S entropy, JK~1 * in a microcanonical system
T ,temperamre K - 3 grand canonical partition
U system energy, J ' function
v speed,ms! {0 ensemble average
V  system volume, m’
x  integration variable .
_ : i . Subscripts
Z - canonical partition function
8 - temperature, K D Debye
kg  Boitzmann constant, J K~1 e electronic
A - thermalde Broglie f at Fermi level
wavelength, m i ith energy level .
4 chemical potential, J r reservoir; rotational
v frequency of phonons or ! total '
- photons, Hz v vibrational
p - density, kg m™> 1% constant volume
"o .. Stefan-Boltzmann constant, X, ¥, z.. Cartesian coordinate
L Wm2KH direction
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4.7 Exercises

4.1 Grand canonical ensemble. Bstablish a grand canonical ensemble and derive the
probability distribution for the ensemble, that is, eq. (4.17).

4.2 Thermal de Broglie wavelength. Calculate the thermal de Broglie wavelength of
-a He molecule at 300 K and show that the dilute gas copf‘n*-on,:eq. (4.34), is
sausﬁed at 1 atm and 300 K T




